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LONG WRITE-UP

1. Introduction

The prolate angular spheroidal wave function is the angular componentof the solution of the
SchrOdingerequationfor the field-free space(V2 + k2)~ = 0 in a two-centreframe.This function satisfies
the angularequation:

~{(l_~2)~Sml(C,~i)]+ [Xmi_C2~2_ rnJS(C~)O (1)

wherec = kd/2, d being the distancebetweenthe two centres,~and~ the elliptical coordinatesandXm/.are
the separationconstants(or eigenvalues),determinedso that Smj(c, ~) are finite at ~ = ±I. In this paper
we areconcernedwith the calculationof S~

1(c,,~)for real~ andk.

2. The calculationof S,,~,(c,,~)

The functionsS,~,(c,i~) canbeexpressedasan associatedLegendrefunction series:

S,~,(c,s~)=~‘ d~’(C)P:±r(1l), (2)
r=O,1

whereP~
m(~)are the associatedLegendrefunctionsof the first kind andd7~’(c)are thecoefficientsof the

expansion.The summationin (2) is extendedoverevenor oddvaluesof r, dependingon whether 1—m is
evenor odd. Theconvergenceof the series(2) is verygood andso only a few termshaveto be computed.

The procedurefor calculatingthe coefficientsd~’(c) hasbeendescribedin apreviouspaper[1] andin
this paperwe shall concentrateon the computationof the functionsP~( si).

3. Codedescription

The packageôonsistsof 6 suprograms:VALPROP, COEF, NORM, FFACT, Si and P. The first 4
subroutinescomputethe coefficientsd~1(c)andwere discussedin ref. [1].The subroutineP evaluatesthe
associatedLegendrefunctionsof the first kind, which, togetherwith the coefficientsd7’(c), are the input
for the function type subprogramSi, which actually calculatesthe prolateangularspheroidalfunctions.

As in ref. [1], the main programhas to call first the subroutinesVALPROP, COEF, NORM andonly
afterthis can it employ the prolateangularspheroidalfunctionsgiven by FUNCTION SI.

As anexamplewe give the following sequenceof instructions:

DIMENSION D(l0), ORD(10)
NIT= 10

CALL VALPROP
CALL COEF(NIT, D, ORD)
CALL NORM(NIT, D, ORD)

S= Sl(ETA, NIT, D, ORD)

STOP
END
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The variable ETA containsthe valueof the anglegiven in radians.
FUNCTION Pusesthe following expressionin calculatingthe associatedLegendrefunctionsof the first

kind:

— ‘ ‘~
21m(fl)m(fl+ 1) n-rn (—n+m)k(n+m+ l)k[1 —x k~ (x)—~—~ X m! k~0 (m+l)kk! [ 2 ‘ ( )

wherem, n are integersand (n)mis Pochhammer’ssymbol: (‘1)rn = n(n + 1)...(n + m — I). The proof of
expression(3) is presentedin the appendix.

FUNCTION Sl calculatesthe prolateangularspheroidalfunctionsby employingthe expansion(2),
with the coefficientsd~t(c)provided by VALPROP, COEF and NORM. The functions P~(x)are
calculatedwith the recurrencerelation:

~ — m + l)P,~1(x)=(2n + l)XP~m(X)_ (n + m)P~~1(x), (4)

wherethe first two functionsare given by FUNCTION P.
Thesubprogramterminateswhen the relativeaccuracyERRB is achieved,i.e. whenthe absolutevalue

of the ratio of the lastaddedterm to the valueof the calculatedsumis less thanor equalto ERRB. The
numberof termsin (2) correspondingto ERRB is storedin the variable NT1 andcan be printed in the
main program.

TheCOMMON block SF is the sameas in ref. [1].
The input in the main programconsistsof valuesfor the following variables:ERRB, ERRV, ERRD,

NIT, L, M, C, ETA. The output in the main programcaninclude, as well as the valuesof S,,~,(c,si), the
valuesof NT 1, of theeigenvalueVAL andof the coefficients(D andORD).

4. Test deck andaccuracychecks

The test deck contains a main program which calls the subprogramsof PASWFN for 1 = 0(1)3,
m 0(1)/, c = l.(l.)5., ~ = 00(100)900 and lists the results in a tabular form employedby ref. [2]. The
programis in singleprecision,with ERRV, ERRB, ERRD setto 10— ~. This precisionis sufficientto obtain
excellentagreementwith the resultstabulatedin ref. [2], and wasachievedby taking in the expansion(2) a
maximumnumberof 10 terms(this canbe easily checkedby listing the valuesof NT1). Therefore,in this
testrun weusedNIT = 10.

If for some application one wishes to run the subroutines in double precision, one has to give
appropriatevaluesto the error variablesandinclude the cards:

ABS(X) = DABS(X) ... VALPROP,COEF, SI
SQRT(X)= DSQRT(X) ... P
INT(X) = IDINT(X) ... VALPROP, NORM
FLOAT(I) = DFLOAT(I) ... FFACT

at thebeginning of the subprogramsmentionedon the right hand side.

Appendix

The associatedLegendrefunctionsare given by:

P~”(x) (1 — X
2)2d9~~(X)/dXm,
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wherethe Legendrepolynomialscanbe expressedas hypergeometricfunctions:

P~(x)=(—l)mF(—n,n+1; 1; (1 —x)/2)

with

F(a,b;c;x)= ~ (a)~(b)~xk
k~O (C)k

On the other hand

b; c; x)= ~P~~mF(a + m, b + m; c + m; x)

and therefore:

p~(x)=[_W_x2)1/2Im(m~+~mF(_n+m,n+m+1; m+l; l_x)

From this result oneobtainseq. (3) if one takesinto accountthat (—~)k = 0 for k> n.
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