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PROGRAM SUMMARY

Title of program: PASWFN
Catalog number: ACEZ

Programm available from: CPC Program Library, Queen’s Uni-
versity of Belfast, N. Ireland (see application form in this issue)

Computer: FELIX C-256; Installation: University Computer
Centre, Cluj-Napoca, Romania

Operating system: SIRIS 2/3

Programming language used: FORTRAN IV

High speed storage required: 7 Kwords

Number of bits in a word: 32

Peripherals used: card reader, line printer

Number of cards in combined program and test deck: 494

Card punching code: EBCDIC

Keywords: general purpose, two centre frame, angular spheroidal
wave functions, associated Legendre functions

Nature of the physical problem

The prolate angular spheroidal wave functions are required in
problems concerning the angular aspects of the solution of the
Schroédinger equation in a two centre frame. The package
PASWFN contains six subprograms which compute these func-
tions of the first kind (the functions of the second kind are of
minor physical interest) for any argument and accuracy.

Method of solution

The prolate angular spheroidal wave functions S,,,(c, n) are
calculated as series of associated Legendre functions of the first
kind. The coefficients are calculated separately, for given values
of m, [, ¢ [1], and are stored to be used in subsequent computa-
tions of S,,,(c, n) for different values of 3.

Typical running time
21 s for the test run.

Reference
[1] T.A. Beu and R.I. Campeanu, Comput. Phys. Commun. 30
(1983) 177.
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LONG WRITE-UP
1. Introduction

The prolate angular spheroidal wave function is the angular component of the solution of the
Schrodinger equation for the field-free space (V2 + k2)y = 0 in a two-centre frame. This function satisfies
the angular equation:

ad;[(l —1,2)(%Sm,(c,n)}+

m
Aml_cznz_ ] "7)2 Sml(c7 17)=0’ (1)

where ¢ = kd/2, d being the distance between the two centres, £ and 7 the elliptical coordinates and A ,,,, are
the separation constants (or eigenvalues), determined so that S, (¢, 7) are finite at n = 1+ 1. In this paper
we are concerned with the calculation of S (¢, #) for real  and k.

2. The calculation of S},(¢, 7)

The functions S ,(c, ) can be expressed as an associated Legendre function series:

Sh(cim)= X7 dri(e) P (n). )

r=0,1

where P"(n) are the associated Legendre functions of the first kind and d//(c) are the coefficients of the
expansion. The summation in (2) is extended over even or odd values of », depending on whether / — m is
even or odd. The convergence of the series (2) is very good and so only a few terms have to be computed.

The procedure for calculating the coefficients d”/(c) has been described in a previous paper [1] and in
this paper we shall concentrate on the computation of the functions P,*(7).

3. Code description

The package consists of 6 suprograms: VALPROP, COEF, NORM, FFACT, S1 and P. The first 4
subroutines compute the coefficients d/(c) and were discussed in ref. [1]. The subroutine P evaluates the
associated Legendre functions of the first kind, which, together with the coefficients d(c), are the input
for the function type subprogram S1, which actually calculates the prolate angular spheroidal functions.

As in ref. [1], the main program has to call first the subroutines VALPROP, COEF, NORM and only
after this can it employ the prolate angular spheroidal functions given by FUNCTION S1.

As an example we give the following sequence of instructions:

DIMENSION D(10), ORD(10)
NIT = 10

CALL VALPROP

CALL COEF(NIT, D, ORD)
CALL NORM(NIT, D, ORD)
S = SI(ETA, NIT, D, ORD)
STOP

END
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The variable ETA contains the value of the angle given in radians.
FUNCTION P uses the following expression in calculating the associated Legendre functions of the first
kind:

P,,"'(x)=[-.%‘/f—_] m{(=1)m (n+1),,, Z 7 (= n+m) (n+m+1), [l—x]k’ )

mFT) kT =2

where m, n are integers and (n),, is Pochhammer’s symbol: (n),, = n{(n+ 1)...(n + m — 1). The proof of
expression (3) is presented in the appendix.

FUNCTION S1 calculates the prolate angular spheroidal functions by employing the expansion (2),
with the coefficients d/(c) provided by VALPROP, COEF and NORM. The functions P(x) are
calculated with the recurrence relation:

(n—=m+1D)P" (x)=02n+ 1)xP"(x)— (n+m)P™ (x), (4)

where the first two functions are given by FUNCTION P.

The subprogram terminates when the relative accuracy ERRB is achieved, i.e. when the absolute value
of the ratio of the last added term to the value of the calculated sum is less than or equal to ERRB. The
number of terms in (2) corresponding to ERRB is stored in the variable NT1 and can be printed in the
main program,

The COMMON block SF is the same as in ref. [1].

The input in the main program consists of values for the following variables: ERRB, ERRV, ERRD,
NIT, L, M, C, ETA. The output in the main program can include, as well as the values of S} ,(c, 7), the
values of NT1, of the eigenvalue VAL and of the coefficients (D and ORD).

4. Test deck and accuracy checks

The test deck contains a main program which calls the subprograms of PASWFN for /= 0(1)3,
m= 01/, ¢c=1.(1.)5., n=0°10°)90° and lists the results in a tabular form employed by ref. [2]. The
program is in single precision, with ERRV, ERRB, ERRD set to 10~ %, This precision is sufficient to obtain
excellent agreement with the results tabulated in ref. [2], and was achieved by taking in the expansion (2) a
maximum number of 10 terms (this can be easily checked by listing the values of NT1). Therefore, in this
test run we used NIT =

1f for some application one wishes to run the subroutines in double precision, one has to give
appropriate values to the error variables and include the cards:

ABS(X) = DABS(X) ... VALPROP, COEF, S1
SQRT(X)= DSQRT(X) ... P

INT(X) = IDINT(X) ... VALPROP, NORM
FLOAT(I)= DFLOAT({) ... FFACT

at the beginning of the subprograms mentioned on the right hand side.

Appendix
The associated Legendre functions are given by:

P™(x)=(1-x2)™"d"P,(x)/dx™,
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where the Legendre polynomials can be expressed as hypergeometric functions:
P(x)=(-1D)"F(-n,n+1;1; (1-x)/2)

with

Fla,b;c; x)= Z (a), (b)kx

o (0. KU
On the other hand

d
dx

(3)m(B)m
(¢)m

——F(a,b; c; x)=—"—"F(a+m,b+m; c+m;x)

and therefore:

(= +1 -
P,,'"(x)=[—%(1—x2)1/2] ( n)m'fl? )mF(—n+m,n+m+1;m+l;—1—2£).

From this result one obtains eq. (3) if one takes into account that (—n), =0 for & > n.

References

[1] T.A. Beu and R.I. Campeanu, Comput. Phys. Commun. 30 ( i983) 177.
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